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Abstract We present a theoretical analysis of hotelecwn magneto-minihand transport in a 
lateral semiconductor superlattice. Ow approach is based on the recenIly developed balance- 
equalion theory extended to the lateral superlattice in the presence of wossed magnetic and 
electric fields. Realistic scatterings due to impurities. acoustic phonons and polar optic phonons 
are @ken into account in the study. Negative differential velocities a p p  at high electric field 
for all the directions in the superlattice plane. but the linear mobility and the peak drift velocity 
in Ihe (IO)-direction are higher than those in the (Il)-direction. Special anention is paid to the 
perpendicular (Hall) conduction, The magnitude and the sign of the Hall resistivity in linear 
and non-linear m s p o n  not only varies swngly with the wr ie r  density but also varies with the 
elecuon IemperaNre. 

1. Introduction 

With the technological advances in semiconductor micrnfabrication, the lateral semicon- 
ductor superlattice (LSSL), a quasi-two-dimensional electron system spatially modulated by 
a two-dimensional periodic potential, has become a subject of intense experimental and 
theoretical investigations [1-5]. Most of the recent studies have concentrated on the low- 
temperature properties of the LSSL prepared on a high-mobility two-dimensional electron gas 
having weak or moderate modulation potential and with a lattice constant of a few hundred 
nanometres, which exhibits transport properties directly due to the density of states and 
other structures resulting from the interplay between the magnetic field and the modulation 
potential. Nevertheless, systems with smaller lattice constant and larger modulation poten- 
tial, proposed earlier [I], are also of great interest. Such a structure is a two-dimensional 
version of the Esaki-Tsu superlattice [6], in which the band-conduction mechanism dom- 
inates and impurity and phonon scatterings play an important role. Negative differential 
velocity of Esaki-Tsu origin has recently been extensively studied both experimentally and 
theoretically [7-121. Under the influence of a strong electric field carriers become hot and 
oscillations related to the structure of the density of states and the Landau quantization are 
smeared. Such an LSSL is potentially a good candidate for use in the microwave oscillator 
[10-111, since its miniband conduction may exhibit negative differential mobility in any 
direction of the current flow in the plane and a perpendicular applied magnetic field offers 
an additional means to tune the velocity-field behaviour. 

The purpose of the present paper is to &e a systematic investigation of hot-electron 
magneto-miniband transport in the LSSL using the balance equation approach [12-141 
extended to the LSSL in the presence of crossed magnetic and electric fields. 
0953-8984/93/458579+8$07.50 @ 1993 IOP Publishing Ltd 8579 
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2. Model and balance equations 

As a model of a strongly modulated LSSL we consider a quasi-two-dimensional GaAs base 
layer of thickness d, in the z direction. There is a square two-dimensional (2D) superlattice 
potential of lattice constant d applied in the x and y directions, resulting in 2D minibands in 
the electron energy spectrum. In the limit of strong modulation potential these minibands 
are essentially the tight-binding type. We consider only the lowest miniband and thus write 
the electron energy in the form 

d q l )  = &" + &(k,) + &(ky) (1 )  

~ ( k )  (A/2)(1 - coskd) (2) 

with 

where kll = ( k x ,  ky) denotes the in-plane wavevector of the 2D superlattice, -n/d c k, < 
x /d ,  - r / d  < ky < n/d, and 2 A  is the bandwidth of this 2D miniband. E, (n = I ,  2, ...) 
represent the quantized energy levels in the z direction due to the vertical confinement d,. 

In the presence of an electric field in the x-y plane, E = ( E x ,  E, ,  0). and a magnetic 
field in the z direction, B = (0,O. B ) ,  the effective Hamiltonian related to the in-plane 
movement of N interacting electrons in this LSSL can be written as 

He = x h j  + H e  (3) 
i 

with 

hj = E(,D~,)  f &(pYj - eBxj)  - exjEx - eyjEY (4) 
where e is the electron charge, p x j ,  py j  and xj ,yj represent the momentum and position 
operators of the jth electron, and He, stands for the canier-carrier interaction. We have 
chosen the vector potential as A = (0, B x ,  0). 

Following the balance equation approach [ 12-14]. we assume that the strong intercanier 
interaction promotes rapid thermalization of carriers in the reference frame in which the total 
momentum of the carriers vanishes. This enables us to characterize the transport state of 
*is many-carrier system by an in-plane average momentum per carrier, pd = (pJ, p y ) .  and 
an electron temperature T,. The introduction of these two parameters, which are included 
in the initial state, facilitates solving the Liouville equation to obtain the density matrix. 
Acceleration- and energy-balance equations are derived by identifying the rate of change of 
the drift velocity vd = ( u x ,  U,, 0) to be the average of the operator x j [ [ H ,  r j ] ,  H ] / N ,  and 
the rate of change of the electron energy (per carrier) he to be the average of i[H, H J N ,  
yielding 

du,/dt = eE,/m: + (eBu,/m:)y + Ai, + A, (5) 

duy/dt = eE,/m; - (eBu,/m;)y + A i ,  + A, (6) 
dh,/dt = e E , u , + e E , u , -  W (7) 

Here Ai, and Ape (01 = x ,  y )  are the frictional accelerations due to impurities and due to 
phonons in the CY direction, and are given by 

h n t  
N A s  = - lu(9)121J".m(9r)121~(911)12 +4a) - u(k.)] 

m.n.kl.q 
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~ 

and W is the energy-loss rate. per carrier from the electron system to the phonon system 

In &riving the above equations we have assumed that phonons are three-dimensional (3D) 
bulk modes and that impurities are 3D randomly distributed. In the above expressions 
S(kl1) = E& -pd )  is the relative electron energy, U(&) aE(kll)/aku = u,sin&d 
is the velocity function in the OL direction with U, = Ad/% u ( q )  and n1 represent the 
impurity potential and the impurity density, M ( q ,  1) is the electron-phonon matrix element 
for phonons of wavevector q in branch 1, having frequency Rq’.l; n(x)  = (expx - 1)-’ 
is the Bose funciion, 6(q,  w )  is the dielectnc function of the carriers in the randomlphase 
approximation; J,,”(q,) is a form factor determined by the confined wavefunction in the z 
direction and g(ql1) is a form factor associated with the lowest qminiband wavefunction. 

The drift velocities U, and uy. and the ensemble averaged inverse effective mass l/m: 
and l/m;, are given by 

U, = uma(Tc) sin p,d (11) 

uy = uma(T,) sinpyd (12) 

I/m: = ( I / M * ) ~ ~ ( T ~ ) c o s p ~ d  (13) 

l/m; = (l/M*)u(T,)cosp,d (14) 
with 1/M* = Ad2/2. The quantities a(T,) aid y are defined by 

In these equations 

f[an(h),  T,] = l/(exp[(E,(kll) - P)/T,I  + I }  (17) 
is the Fermi distribution function, and the chemical potential p is determined by the 
condition that the total number of carriers is equal to N: 

(18) N = 2 c  f[&(kil), T,] 
n.ka 
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3. Hall resistivity 

Assume that the drift momentum pd. thus the drift velocity v d ,  is along the x direction: 
pd = ( p x ,  O,O), vd = ( u d ,  0,O). The steady-state acceleration- and energy-balance equations 
are reduced to 

(19) eE,/m: + Ai, + A p x  = 0 
eE,/m; - (eBud/m;)y = 0 

eExud - W = 0. 
The sheet current density (in the x direction) is given by 

Jx = N,eud. (22) 
Defining the (non-linear) longitudinal sheet resistivity as pxx z EJJ , ,  we have from 
equation (19) 

(23) 2 
Plan8 = Px.x = -m:(Ai, + Apx)/Nse ud. 

On the other hand, the electric field along the y direction is determined by equation (20): 

E ,  = Budy. (24) 

pmS = p y x  3 E J J ,  = ( v / N S e ) B  

This yields the transverse (Hall) resistivity 

(2.5) 

and the Hall coefficient 

RH = y / N S e  = ( y / N s d Z ) ( d 2 / e ) .  (26) 
Note that the longitudinal resistivity hang obviously depends on the current direction, due to 
the anisotropic 2D energy band. Nevertheless, the expressions for the transverse resistivity 
pms and for the Hall coefficient RH, equations (25) and (26), are universal, independent of 
the direction of the current flow in the plane. 

In the case of a parabolic band (free electron) the Hall coefficient is given by a well 
known expression 

RH = l / N s e  (27) 

which is the same in linear (weak-electric field) and non-linear (strong-electric field) 
transport 1151, as long as the electron density remains unchanged. 

The effect of the energy-band non-parabolicity is fully contained in the coefficient y .  
Depending on the degree of non-parabolicity of the energy band, bath the magnitude and 
the sign of the coefficient y may change on changing the electron density Ns. To see the 
meaning of this y-N, variation we consider the energy band given by equations (1) and 
( 2 )  with fixed 3-direction energy level (a typical 2D tight-binding band) at zero temperature. 
The maximum two electrons per unit cell can be contained in this band, i.e. the density of 
electrons that fills up the whole band is N,d2 = 2. In the vicinity of the band bottom, i.e. 
Nsdz < I ,  the zero-temperature Fermi level &F (the band bottom is chosen as the energy 
zero) is 

&F/A N (R/2)N,d2 (28) 

and the coefficient 

y " l .  (29) 
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The Hall coefficient RH z l/N,e. This is a natural result: near the bottom the band is 
essentially parabolic and is occupied by electrons of density N,. On the other hand, in the 
vicinity of the band top, i.e. 1 - N,d2/2 << 1, the zero-temperature Fermi level is given by 

EF/A 2 - n ( 1  - N,d2/2) (30) 

y rr (N,d2/2)(1 - Nsd2/2)-'. (31) 

RH = y / N S e  = -l/N:e (32) 

N,* = (2/d2 - N s ) .  

and 

The Hall coefficient is 

with the effective density 

(33) 

This is equivalent. to a case of parabolic band occupied by carriers having charge -e 
and density N,* given by equation (33). This N," is just the number density of the states 
unoccupied by electrons in the w band. 

The expression for the Hall coefficient, equation (26), could be interpreted as that of 
effective carriers, having an effective density of NJy and carrying charge of sgn(y)e. 

The calculated y as a function of electron density, N,dz, is plotted in figure 1, together 
with y/N,d2.  The transition from the electron-type. conduction to the hole-type conduction 
appears naturally. Camers are electron like when the electron occupation is less than 
half filled (Nsdz < I), and are hole like when the electron occupation exceeds half filled 
(N.d2 z I). The effective carrier number density diverges at both sides of the half-filled 
electron occupation (N,d2 = I). 

0.0 

> 
.2 

am 

10.0 IM." zm.0 
N,d' AIT. 

Figure 1. ZEm-remperatUre coefficient y (qua- Figure 2. Temperature dependence of the coefficient y 
tion (16)) and ylN,d2 (see equation (26)) are shown as 
functions of the band occupation N,d' for a m tight- 
binding system. 

in a w tight-binding sysrem wilh N,d2 = 0.95. 

To see the temperature dependence of the Hall resistivity we show in figure 2 the 
calculated y against A/Te  for N,dz = 0.95. This weak temperature dependence of y 
indicates that in a non-parabolic band, the strong electric field may slightly show up in the 
Hall resistivity through its effect on the electron temperature, but the effect is generally 
quite small. 
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Figure 3. Drift velocity versus electric field for (10) 
and ( 1 1 )  directions in a lateral superlanice of A = 
300 K. d = 10 nm. N, = 2.0xlO1I anz, d,= IO nm. 
and low-temperature x direction linear mobility fl(0) = 
1.0 mz V-I s-I , m ' the absence of magnelic field at 
lattice temperature T = 30K. 

Flgure 4. Drift velocity versus elechic field for (IO) 
and ( 1 1 )  directions in a latenl superlanice of A = 
900 K. d = 5.7 nm, N, = 2.0 x IO" cm', d, = 10 nm. 
and low-temperature x direction linear mobitiry M O )  = 
1.0 m' V-' s-l,  in lk absence of magnetic field at 
lattice temperature 7 = 300 K. 

4. Negative differential mobility 

Balance equations (5H7) determine the steady-state and time-dependent transport in an 
LSSL under the influence of a uniform electric field in any direction in the x-y plane 
and a uniform magnetic field in the z direction. The steady-state non-linear longitudinal 
conductions have been calculated for the applied electric field along (IO) and (1 1) directions 
in two different lateral GaAs-base superlattices at lattice temperature T = 300 K without a 
magnetic field (8 = 0). In this we have included impurity, acoustic-phonon (through the 
deformation potential and piezoelectric couplings with electrons) and polar-optic-phonon 
(through the Fnhlich coupling with electrons) scatterings in the calculation. The vertical 
extension d, is assumed to be 10 nm for both systems, and thus taking the lowest z direction 
subband is good enough for the present calculation. The calculated drift velocities vd and 
the electron temperature Te as functions of the electric field E applied along the (IO) and 
( I  I )  directions are shown in figures 3 and 4 respxtively for an USL of d = 10 nm, A = 
300 K and for an LSSL of d = 5.7 nm, A = 90 K. We assume that the carrier sheet density 
NI = 2.0 x IO" cnr2, the z extension d, = 10 nm, and the low-temperature linear mobility 
along the x direction p(0)  = 1.0 mz V-' s-I. Negative differential mobilities appear in both 
directions. We find that although low-elechic-field (linear) mobilities are the same for both 
directions, the non-linear drift velocity in the (IO) direction is higher than that in the (1 1) 
direction for a given strength of the electric field for both samples in this canier density. 
This is at variance with the earlier Monte Carlo calculation [l]. 

5. Non-linear magneto-transport 

The application of a magnetic field in the z direction has a significant influence on the 
non-linear drift velocity as a function of the electric field. To see this we show in figure 5 
the drift velocity ud versus the electric field E applied along the x direction at lattice 
temperature T = 300 K for an USL having A = 300 K, d = IO nm, N, = 2.0 x IOLl cm2, 
d, = IO nm, and low-temperature linear mobility p(0) = 1.0 m2 V-l s-I , w' ithout and with a 
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FigureS. Driftvelocityq isplonedasafunctionofthe 
elechic field E applied in the I direction in the presence 
of magnetic fields of svengths B = 0.5.10. 15 and 
20 T. for a lateral superlattice of A = 3W K, d = 
10 nm N, = 2.0 x IO" cm', d, = 10 nm. and low- 
te~npmture linear mobility #@) = 1.0 m' V-' s-l at 
lanice tempemure T = 300 K. 

d = i n n m  I 

0 10 m 30 40 
0 

E (kV/cm) 

Figure 7. The x component of the drift velocity U, 
is plotted as a function of the electric field E applied 
in the x direction in the presence of magnetic fields 
having slrengths 8 = 0,s. 10.15 and 20 T, for a 
lateral superlattice of A = 300 K, d = 10 nm. N, = 
2,Ox IO" cm2. d7 = 10 nm, and low-Iemperaurre linem 
mobility p(0)  = 1.0 mz V-' at lauice temperature 
T = 300 K. 

1 .o 

0.R 

5 0.6 

0 4  

0.2 

0.0 ' I 
0.0 1.n 2.0 1.0 4 0  S O  

E/Ec 
Fire 6. Normalized drift velocity u& versus 
normalized electric field EJE.  for Ihe same set of data 
as shown in figure 5. 

- 
5 snn 
c' 

A=300 K 
d=IO nm 

10 20 30 
E (kV/cm) 

0 

F b r e  8. Electron temperature T. is shown as a 
function of  he elecuic field E applied in the x direction 
in the presence of magnetic fields having strengths 
B = 0.5. IO. 15 and 20 T. for a lateral superlattice 
of A = 300 K, d = 10 nm, N$ = 2 0  x 10" an*, d, 
= IO nm, and low-temperature lillear mobility ~ ( 0 )  = 
1.0 rn2 V-' 5-l at lattice temperatwe T = 3W K. 

magnetic field of strength B = 0, 5, IO, 15, and 20 T in the z direction. The magnetic field 
significantly affects the drift velocity behaviour at low and medium strengths of the electric 
field it increases the peak drift velocity up and shifts the threshold electric field E, towards 
higher strength. At very high electric field the influence of the magnetic field diminishes. 
Therefore the LSSL exhibits a steeper negative differential velocity in the presence of a 
magnetic field. This enhancement of the negative differential mobility is more clearly seen 
in figure 6, where the drift velocity normalized by its peak value up is plotted as a function 
of the electric field normalized by the threshold field Ec for the same set of data as shown 
in figure 5. Note that in the presence of a magnetic field ( E  # 0) the drift velocity deviates 
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from the electric field direction ( x  direction). If we plot the x direction drift velocity U, as 
a function of the electric field E, we have the results shown in figure 7. The application of 
a magnetic field always reduces the electron temperature at given applied electric field, as 
is shown in figure 8. 

6. Summary 

We have investigated the linear and non-linear magneto-miniband transporr in LSSL of strong 
modulation potential. The system is modelled by a z-direction confined two-dimensional 
tight-binding structure. Our study is based on the balance-equation theory for miniband 
transport extended to an LSSL in the presence of crossed magnetic and electric fields. The 
LSSL exhibits negative differential mobility comparable to that in an Esaki-Tsu superlattice 
in all directions of the electric fields in the plane. A magnetic field applied perpendicular to 
the plane reduces the electron temperature and offers a way to tune the drift-velocity-field 
behaviour. 
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